The concept of electric-magnetic duality can be extended to linearized gravity. It has indeed been established that in four dimensions, the Pauli-Fierz action (quadratic part of the Einstein-Hilbert action) can be cast in a form that is manifestly invariant under duality rotations in the internal 2-plane of the spacetime curvature and its dual. In order to achieve this manifestly dualityinvariant form, it is necessary to introduce two "prepotentials", which form a duality multiplet. These prepotentials enjoy interesting gauge invariance symmetries, which are, for each, linearized diffeomorphisms and linearized Weyl rescalings. The purpose of this note is twofold: (i) To rewrite the manifestly-duality invariant action obtained in previous work in a way that makes its gauge invariances also manifest. (ii) To explicitly show that the equations of motion derived from that action can be interpreted as twisted self-duality conditions on the curvature tensors of the two metrics obtained from the two prepotentials.
Introduction

Einstein equations as twisted self-duality conditions
There exists an interesting formulation of electromagnetism in four dimensions in which one introduces two potentials. One potential is the usual "electric potential" 1-form A and the other is the "magnetic potential" 1-form B. If one demands that the corresponding field strengths (curvature 2-forms) be the dual of each other one obtains the Maxwell equations. This requirement is called "twisted self-duality" [1] . The term "twisted" is introduced because the forms are not self-dual but are, rather, dual to each other. If both curvature forms are grouped into a two-component colum, then that colum is related to its dual by an off-diagonal "twist matrix". The formulation can be extended to free p-form gauge fields in any number of dimensions and one may also include certain types of couplings [1] . In all cases, the twisted self-dual equations of motion can be derived from a variational principle in which the two potentials are on an equal footing [2, 3, 4, 5, 6, 7, 8] . The "twisted two-potential action" can be systematically obtained from the Hamiltonian formulation of the theory by solving the constraints [2, 8] , a method that indicates that the two potentials can be viewed as forming a generalized canonically conjugate pair.
An interesting feature of the twisted two-potential action emerges in the special dimension where the two potentials are exterior forms of the same rank p. This occurs when D = 2p + 2. The cases p odd and p even exhibit different properties [6] . When p is odd (D = 0 modulo 4), the Hodge operator squares to minus one and the two-potential action exhibits a continuous symmetry, which is the group of SO(2) rotations in the internal plane spanned by the two field-strengths. The simplest case, p = 1, is just the standard "electric-magnetic" duality, and for this reason, this group of SO(2) rotations is called "electric-magnetic" duality also when p = 1. When p is even (D = 2 modulo 4), the Hodge operator squares to one and one may "untwist the twisting", i.e. diagonalize the twisting matrix over the reals and split the fields into "chiral" and "anti-chiral" components, respectively corresponding to the eigenvalues 1 and −1.
The twisted self-duality formulation of the equations of motion can be extended to linearized gravity. In this case, instead of exterior forms of rank p and D − p − 2, dualization involves the standard rank-2 symmetric tensor corresponding to the usual description of the graviton and a dual mixed tensor field with two columns, one of length D − 3 and one of unit length [9, 10] .
We shall consider here explicitly the case D = 4, deferring the discussion of the general case to a subsequent publication [11] . In D = 4 the two dual fields are both rank-2 symmetric tensors.
The twisted self-dual formulation proceeds then as follows. Let h µν and f µν be two rank-2 symmetric tensors, and R λµρσ , S λµρσ their linearized curvatures,
The dual curvatures are defined through
Our conventions are ǫ 0123 = 1 = −ǫ 0123 , so that in particular ǫ 0ijk = ǫ ijk . The "twisted self-duality conditions", which express that R is the dual of S (we drop indices) R = * S, S = − * R,
imply that h µν and f µν are both solutions of the linearized Einstein equations,
This is because the cyclic identity for S (respectively, for R) implies that the Ricci of R (respectively, of S) vanishes. Conversely, if h µν is a solution of the Einstein equations, the dual * R λµρσ of its Riemann tensor obeys the cyclic identity and so can be viewed as the Riemann tensor S λµρσ of a "dual" symmetric tensor f µν which also obeys the Einstein equations. To avoid proliferation of symbols, we shall in the sequel write R λµρσ [f ] instead of S λµρσ and R λµρσ [h] for the Riemann tensor of h µν .
Duality symmetry
Because the original graviton field h µν and its dual f µν are both rank-2 symmetric tensors, D = 4 is a special dimension in which "electric magneticduality" emerges. Just as for electromagnetism, this SO(2) continuous symmetry is given by the group of rotations in the internal plane spanned by the curvature and its dual.
It was shown in [12] that gravitational electric-magnetic duality was not just a symmetry of the equations of motion, but again, also a symmetry of the action 2 . The analysis was extended to spin-2 in de Sitter space in [13] 3 (see also [14] and [15] for different approaches). The derivation of [12] relies on the canonical formulation of the theory and introduces two conjugate "prepotentials", one for the spatial components h ij of the metric and one of their conjugate momenta π ij . Explicitly, these are defined through
3)
(the vector u i can also be thought of as a prepotential but it drops out from the theory so that we shall not put emphasis on it). When reformulated in terms of the prepotentials, duality symmetry simply amounts to SO(2) rotations in the internal plane of the prepotentials. The action reads explicitly [12] S
are the prepotentials and △ the Lapla-cian. Here the Hamiltonian is given by
In these SO(2) vector notations, duality invariance is manifest.
As as shown in [12] , the manifestly duality invariant action (1.5) is also invariant under gauge symmetries, which are linearized diffeomorphisms and Weyl rescalings of the prepotentials,
These gauge invariances can be checked by direct substitution.
Purposes of this paper
The purposes of this paper are twofold. First, the gauge symmetries of the action (1.5) are not entirely obvious in the form the action has been written. One would like to make gauge invariance manifest, and to understand better the structure of the action, by using the appropriate tensor calculus. This is an interesting task because, although possessing the gauge symmetries (1.7) of linearized conformal gravity, the action (1.5) is not the action of that theory: it involves two independent symmetric tensors, it is first order, it is not manifestly Lorentz-invariant and, as we have explained, it is equivalent to the standard Pauli-Fierz action.
Second, while duality invariance was established in [12] , it was not explicitly verified there that the equations of motion following from the action (1.5) were indeed the twisted self-duality conditions (1.1). The spatial components f ij of the dual metric are defined in terms of P ij as the h ij 's are defined in terms of Φ ij ,
where v i is some other prepotential reflecting the diffeomorphism invariance of f ij , which drops out from the curvature. While the fact that the equations following from (1.5) are indeed equivalent to the twisted self-duality equations (1.1) is an implicit consequence of the analysis of [12] , it is not devoid of interest to prove it directly. Indeed, the equations following from (1.5) are of first order in the time derivatives of the prepotentials and hence also of the metrics h ij and f ij , while the the twisted self-duality equations (1.1) involve also second order time derivatives. Establishing this equivalence is furthermore useful in other space-time dimensions [11] where twisted self-duality is all there is (there is no SO(2)-duality since the metric and its dual are of different tensor types).
Our paper is organized as follows: In the next section, Section 2, we reformulate the twisted self-duality condition in a form adapted to the (3 + 1)-splitting of spacetime. Then, in section 3, we rewrite the action in a manner that makes its gauge invariances manifest. We also express the equations of motion following from (1.5) in terms of the appropriate tensors invariant under linearized diffeomorphisms and Weyl rescalings. In Section 4, we verify that these equations of motion are indeed the twisted self-duality conditions obtained in Section 2. The last section, Section 5 is devoted to concluding comments. Four appendices (Appendices A, B, C and D) recall for completeness some concepts from conformal geometry and apply them to the case at hand. Finally, Appendix E further analyses the equations of motion for the prepotentials.
2 3+1-Form of the Twisted Self-Duality Conditions
Twisted self-duality conditions revisited
There is some redundancy in the covariant form (1.1) of the twisted selfduality conditions. To display this feature, it is convenient to introduce the electric and magnetic components of the Riemann tensor defined as follows,
where R mn denotes the three-dimensional Ricci tensor built out of the spatial components h mn of h µν . The magnetic field contains one time derivative of the metric, the electric field contains only spatial derivatives. Note however that R 0m0n = − (4) R mn + R mn and thus on-shell E mn = R 0m0n . From now on, we shall affect a subscript (4) to space-time objects when confusion with the corresponding three dimensional object could arise 5 . Note also that in three dimensions, the Riemann tensor is completely determined by the Ricci tensor, so that E mn is equivalent to R mnpq .
It follows from the twisted self-duality conditions that,
or in matrix notation,
We claim that the twisted self-duality conditions (2.1) are completely equivalent to (1.1) and in particular imply all of the Einstein equations. This is a non trivial statement because the conditions (2.1) are only a subset of (1.1), namely the subset that contains no second time derivatives.
To establish the claim, we proceed in two steps.
Step 1: Constraint Equations
The constraint equations follow from (2.1). Proof: It follows from the twisted self-duality relations (2.1) that the magnetic field is symmetric (while it is not for an arbitrary metric), since the electric field is. This implies
Similarly, it follows from the twisted self-duality relations (2.1) that the electric field is traceless (while it is not for an arbitrary metric), since the magnetic field is. This implies that the three-dimensional curvature scalars R[h] = 0 = R[f ] both vanish. For the linearized theory these are the Hamiltonian constraints G 00 [h] = 0 = G 00 [f ] for h µν and f µν . The next step is to establish the dynamical Einstein equations. This is a bit harder because these involve two time derivatives of the metric, so that one needs to differentiate the self-duality conditions with respect to time. But this will lead to third order differential equations and so, one can only hope to get the dynamical Einstein equations differentiated once, but without loss of information. This turns out to be the case. This is in sharp contrast with the electromagnetic situation, where the twisted self-duality conditions are first-order differential equations, while the Maxwell equations are of second order, so that by differentiating once the twisted self-duality condition, one can derive the Maxwell equations in their standard form .
Step 2: Dynamical Equations
The dynamical Einstein equations also follow from (2.1). Proof: We start by computing ∂ 0 R i0mj [h], which is equal to,
by the Bianchi identity. On the other hand,
. Inserting this expression into (2.3) and using again the twisted self-duality condition yields,
Comparing (2.2) with (2.4) gives,
Taking into account the definition of E ij [h], this is just
This equation is a bit misleading at first sight, since (4) R ij [h] contains h 00 while neither the electric field nor the magnetic field does, and we started with relations that involved only the electric and the magnetic fields. But if one writes explicitly (4) R ij [h] from its definition in terms of h µν as
with
(extrinsic curvature) and plugs back (2.6) in (2.5), one sees that h 00 does drop out from (2.5), as it should.
To analyze the implications of the equation (2.5), it is easier to write it in terms only of h ij and h 0i as
This equation implies, using the fact that
for some function Φ. Choosing the function h 00 (which is an arbitrary gauge function not occurring in the original equations (2.1)) to be equal to 2Φ yields
A similar derivation gives
These are the dynamical Einstein equations.
[Note: The equations obtained above, namely G 00 = 0, R 0i ≡ G 0i = 0 and 
We thus see that indeed, the twisted self-duality conditions lead naturally to the dynamical Einstein equations differentiated once, since equation (2.5) contains three derivatives of the metric. But there is no loss of information since one can integrate (2.5) and use the gauge freedom to derive the undifferentiated dynamical Einstein equations. There is no analog of this feature in the electromagnetic case where the twisted self-duality conditions F = * H, H = − * F , imply the Maxwell equation d * F = 0, d * H = 0 "on the nose". We can therefore summarize this section by stating that the covariant twisted self-duality conditions (1.1) are entirely equivalent to the spatial twisted self-duality conditions (2.1). This will be used in Section 4 below to establish that the field equations following from (1.5) are indeed the twisted self-duality conditions for the two metrics h µν and its dual f µν .
3 Gauge invariance of the action (1.5)
Before analyzing the field equations following from the action (1.5), we first rewrite it in a manner that makes its gauge invariances manifest. To that end, we need some tensor tools from conformal geometry, in particular the concept of (co-)Cotton tensor and its role in three dimensions. These tools are recalled in the appendices.
As we now show, the action takes a simple form when rewritten in terms of the relevant invariant tensors constructed out of the prepotentials.
Rewriting the kinetic term
Using the expression for the co-Cotton tensor D ij given in the appendix C, one finds that the kinetic term takes the simple form,
where
is the co-Cotton tensor constructed out of the prepotential Z aij (i.e., replace h ij by Z aij in the formula (C.2)).
The invariance of the kinetic term under the transformations (1.7) is obvious after appropriate integrations by parts once it is written in this manner since D ij a itself is not only invariant but also trace-free and divergence-less (see (C.3)).
Rewriting the Hamiltonian
The Hamiltonian can also be rewritten in a more transparent manner. Making appropriate integrations by parts, one gets,
where R a ij is the Ricci tensor constructed out of the prepotential Z a ij . Invariance of (3.2) under linearized diffeomorphisms is obvious because R a ij is a tensor. It is instructive to check also the invariance under conformal transformations. One gets,
where G a ij is the Einstein tensor of Z a ij . Making an integration by parts and using the contracted Bianchi identity yields the desired result,
Equations of motion
Having made the gauge invariance of the action manifest, we now turn to the equations of motion. Their gauge invariance is of course a direct consequence of the gauge invariance of the action, but it is useful to also write them explicitly in terms of invariant tensors as this will facilitate their comparison with the twisted self-duality conditions. The first-order equations that follow from the action,
are easily found to be
The second term is verified to be symmetric in i, j. Now, using the definition of the co-Cotton tensor in terms of the Schouten tensor
one may rewrite these equations as,
or equivalently, 
The emergence of Λ a is somewhat similar to the emergence of A 0 in the electromagnetic case. The Schouten tensor is not invariant under conformal transformations. Rather, as shown in the appendix C, it transforms as
It is therefore convenient to demand that the Λ a transform as 10) so that the quantitiesṠ
are invariant. The fields Λ a drop fromḊ a ij and hence also from the action (just as A 0 does in the Maxwell case). We shall see below that (3.11) turns out to be proportional to the magnetic field. From (3.9), one can relate Λ a to the trace ofṠ 
Hamiltonian equations as twisted self-duality equations
We now prove that the equations (3.9) are just the twisted self-duality equations (2.1).
To that end, we need to express the electric and magnetic fields of the two metrics in terms of the prepotentials.
Since we are dealing with the prepotentials, the constraints are identically satisfied. This means that the electric and magnetic fields are both symmetric and traceless.
Electric fields E a mn
It follows from formula (D.2) in the appendix D that the electric field E a mn is equal to E
a formula that gives indeed an electric field that is identically symmetric and traceless.
Magnetic fields B a mn
It is also established in the appendix D that the magnetic fields are related to the time derivatives of the Schouten tensors of the prepotentials as follows,
where the explicit form of K a n is given in (D.3),
Because B a mn andṠ a mn are symmetric, the vector K a n is a gradient, and so 6 ,
The symmetry of B a mn may be viewed as an equation that expresses the shift in terms of the time derivatives of the Schouten tensor. Indeed, one may decompose the threedimensional vectors K a as the sum of a gradient plus a curl, K a = ∇f a + ∇ × g a for some functions f a and vector fields g a . By adjusting the arbitrary shift vectors h a 0q , one can set g a = 0 and the K a 's reduce to the gradients ∇f a .
for some f a . As above, the function f a can be expressed in terms of the trace ofṠ a mn since B a mn is traceless. One gets f a = −2Λ a . We have thus demonstrated that the magnetic field is the traceless part of the time derivative of the Schouten tensor.
Twisted self-duality conditions
Combining these results together, we see that the Hamiltonian equations of motion (3.9) are indeed just the twisted self-duality equations (2.1) since we have the magnetic fields on the left-hand sides and the electric fields on the right-hand sides, with the twisting matrix S whose matrix elements are ǫ ab .
Conclusions
In this paper, we have clarified some aspects of the formulation of linearized gravity in terms of prepotentials, which exhibits duality symmetry. We have shown that the equations of motion can indeed be viewed as twisted selfduality equations, and that the invariance of the action under the gauge symmetries of the prepotentials can also be made explicit. These results are useful for the prepotential formulation of gravity in higher dimensions [11] , where the dual description involves now a tensor with mixed Young symmetry instead of another symmetric tensor. We plan to extend also our analysis to higher spin gauge fields which should enjoy similar prepotential formulations [16] . Again, we expect the dimension D = 4 to play a special role in the fully symmetric case [10, 14, 17, 18] since then the two dual descriptions involve tensors of the same types and duality rotations in their internal 2-space is expected to be a symmetry of the action. In the other dimensions, the dual tensors are of different types but a description of the equations of motion as twisted self-duality conditions is available [16] .
We now comment on supergravity. It has long been known that the equations of motion for the gravitino may be written as
is the linearized curvature of the spin- 3 2 field. Therefore γ 5 plays the role of twist matrix in the fermionic sector, and the complete equations of motion of linearized supergravity take again the twisted self-duality form
We have recently extended [19] the prepotential formulation of linearized gravity to supergravity. We expect to address in a future publication [20] the generalization of the analysis given in this paper for pure linearized gravity to that supersymmetric case. Finally, it would be of interest to analyze how one can include sources and asymptotic conditions in the twisted self-duality formulation (in this context, see [21, 22, 23] ) and also, to investigate the role of electric-magnetic duality -which is part of a much bigger group of "hidden symmetries" [24] -at the quantum level, in the line of the work initiated in [25] .
A.1 Definitions
We assume the dimension D ≥ 3.
The Riemann tensor can be decomposed as
where the "Weyl tensor" W αβγδ fulfills
and is traceless, W α βαδ = 0. The tensor S αβ is known as the "Schouten tensor" and is explicitly given by
The "Cotton tensor" C αβγ is the curl of the Schouten tensor, C αβγ = S αβ;γ − S αγ;β , and satisfies
A.2 Bianchi identity
The Bianchi identity reads
One contraction of the Bianchi identity (A.1) yields
The contracted Bianchi identity (two contractions of (A.1)) is equivalent to the tracelessness of the Cotton tensor,
A.3 Conformal transformations
Under conformal transformationŝ
the Weyl, Schouten and Cotton tensors transform respectively aŝ
where ω λ ≡ ∂ λ ω.
B The case of 3 dimensions B.1 Conformal invariance of the Cotton tensor
In three dimensions (D = 3), the Weyl tensor vanishes identically and the curvature can be expressed as
in terms of the Schouten tensor,
Because the Weyl tensor is identically zero, the Cotton tensor is conformally invariant, i.e., it is inchanged under (A.2),
(B.1)
B.2 The traceless, symmetric tensor co-Cotton tensor D αβ
It is convenient to introduce the tensor
equivalent to the Cotton tensor. We will call it "the co-Cotton tensor". Because the Cotton tensor is traceless, D αβ is symmetric, and because the Cotton tensor fulfills the cyclic identity, D αβ is traceless,
Under conformal transformations,
Finally, the tensor D αβ is divergence-free,
In fact, D αβ is the tensor that appears in the mass term in the field equations of D = 3 topologically massive gravity [26] ,
and is the functional derivative of the Lorentz Chern-Simons term (with the spin connection treated as the standard function of the triad and its derivatives).
C Linearized gravity
We write the above tensors for linearized gravity, in three dimensions with Euclidean signature (spatial sections of the 3 + 1 decomposition). The Riemann tensor is
and is invariant under linearized diffeomorphisms,
The Ricci tensor, the scalar curvature, the Einstein tensor and the Schouten tensor are respectively given by,
where h ≡ h m m . Under conformal transformations, δh ij = 2δ ij ǫ, they respectively transform as
The Cotton tensor reads
and is invariant under conformal transformations,
After some algebra, one finds that the co-Cotton tensor is given by
2) It is easily verified to be not only symmetric, but also traceless and divergencefree,
as it should.
D Some useful relations
It is instructive to write the invariants constructed out of h ij in terms of the invariants constructed out of Z ij . So, with the definition
(see formula (II.11) of [12] with Φ ≡ Z a ), one gets
The co-Cotton tensor D a ij is traceless and conserved. Similarly, (D.1) implies that R[h a ] = 0 (it is the general solution of the linearized Hamiltonian constraint) and so R ij [h a ] is also consistently both traceless and conserved (by the Bianchi identity).
Another straightforward computation yields
This relation turns out too be key in the identification of the Hamiltonian equations of motion with the twisted self-duality conditions. Similarly, direct comparison of formula (II.8) of [12] with (C.1) shows that the conjugate momentum to the metric is given by
where Z 1 ij ≡ P ij is the first superpotential. This relation makes it clear that π ij is conserved. Under gauge transformations generated by the Hamiltonian constraint uH, the momentum π ij transforms as
This is precisely the transformation of 2G ij [Z 1 ] provided we identify u with 2ǫ
1 .
E More on the equations of motion
We verify explicitly here that the equations (3.9) are equivalent to the Hamiltonian equations in terms of h mn and π mn . This is guaranteed of course, but it is instructive to do it. It also permits to relate the field Λ a to the lapse functions.
The equations of motion in terms of the metric h ij and its conjugate momentum π ij readḣ
where u is the lapse. The second of these equations is easily seen to take the form (3.9) for b = 2. Indeed, using the expressions (D.2) and (D.4) yields 
as announced. The derivation also shows that the function Λ 1 appearing in (3.9) is the lapse.
To compare the first of the Hamiltonian equations with (3.7) with b = 1, we rewrite it asḣ
Now, to get rid of the ξ i -terms, we apply the second-order differential operator defining the Einstein tensor to both sides of (E.1) to get
using(D.2). It is an easy exercise to prove the identity
i.e., (3.6) with b = 1.
